There is a growing interest in modified gravity theories based on torsion, as these theories exhibit interesting cosmological implications. In this work, inspired by the teleparallel formulation of general relativity, we present its extension to Lovelock gravity known as the most natural extension of general relativity in higher-dimensional space-times. First, we review the teleparallel equivalent of general relativity and Gauss-Bonnet gravity, and then we construct the teleparallel equivalent of Lovelock gravity. In order to achieve this goal we use the vielbein and the connection without imposing the Weitzenböck connection. Then, we extract the teleparallel formulation of the theory by setting the curvature to null.
I. INTRODUCTION
Higher-order curvature theories of gravity lead to a wide variety of alternative theories of gravity with a rich phenomenology. Among them, the Lovelock theory is the most natural extension of general relativity in higher-dimensional space-times that generates second-order field equations [1] . Remarkably, the action contains terms that appear as corrections to the Einstein-Hilbert action in the context of string theory. Supersymmetric extension, exact black hole solutions, scalar perturbations, thermodynamic, holographic aspects and other properties of Lovelock gravity have been extensively studied over time.
On the other hand, extensions and generalizations of theories based on torsion have gained a lot of attention too. In particular, the so-called "teleparallel equivalent of general relativity" (TEGR) [2, 3] is an equivalent formulation of gravity; however, instead of using the curvature defined via the Levi-Civita connection, it uses the Weitzenböck connection that has no curvature, only torsion [4] . A natural extension of the TEGR is the so-called f (T ) gravity, which is represented by a function of the torsion scalar T as Lagrangian density [5] [6] [7] [8] . The f (T ) theories pick up preferred referential frames which constitute the autoparallel curves of the given manifold. A genuine advantage of f (T ) gravity compared with other deformed gravitational schemes is that the differential equations for the vielbein components are second-order differential equations. However, the effects of the additional degrees of freedom that certainly exist in f (T ) theories is a consequence of breaking the local Lorentz invariance that these theories exhibit. Nevertheless, it was found that on the flat FRW background with a scalar field, up to second-order linear perturbations do not reveal any extra degree of freedom at all [9] . As such, it is fair to say that the nature of these additional degrees of freedom remains unknown. Remarkably, it is possible to modify f (T ) theory in order to make it manifestly a Lorentz invariant. However, it will generically have different dynamics and will reduce to f (T ) gravity in some local Lorentz frames [10] [11] [12] . Clearly, by extending this geometry sector, one of the goals is to solve the puzzle of dark energy and dark matter without asking for new material ingredients that have not yet been detected by experiments [13, 14] . For instance, a Born-Infeld f (T ) gravity Lagrangian was used to address the physically inadmissible divergencies occurring in the standard cosmological Big Bang model, rendering the space-time geodesically complete and powering an inflationary stage without the introduction of an inflaton field [6] . Also, it is believed that f (T ) gravity could be a reliable approach to address the shortcomings of general relativity at high-energy scales [15] . Furthermore, both inflation and the dark energy-dominated stage can be realized in the Kaluza-Klein and Randall-Sundrum models, respectively [16] . In this way, f (T ) gravity has gained attention and has been proven to exhibit interesting cosmological implications. On the other hand, the search for black hole solutions in f (T ) gravity is not a trivial problem, and there are only a few exact solutions, see for instance [17] [18] [19] .
Furthermore, generalizations such as the teleparallel equivalent of Gauss-Bonnet gravity [20, 21] , the Kaluza-Klein theory for teleparallel gravity [22] and scalar-torsion gravity theories [23] [24] [25] have been of recent interest as these theories have been proven to exhibit interesting cosmological implications. For instance, modified gravity theories based on f (T, T G ), where T G is the torsion invariant and is equivalent to the Gauss-Bonnet term, provides a unified description of the cosmological history from early-times inflation to late-times selfacceleration without the inclusion of a cosmological constant for some cases of f (T, T G ) [21] .
Besides, it was shown that in three-dimensional teleparallel gravity, there are asymptotically AdS black hole solutions with a scalar field non-minimally coupled to gravity with a selfinteracting potential [26] , where the diagonal frame used parallelizes the space-time, that is, the frame defines a global set of bases covering the whole tangent bundle [27] . The main purpose of this work is to present the teleparallel equivalent of Lovelock gravity inspired by Lovelock gravity known as the most natural extension of general relativity in higher dimensional space-times and by the recent generalizations of TEGR.
The paper is organized as follows. In Sec. II we give a brief review of Lovelock gravity.
Then, in Sec. III we give a brief review of the teleparallel equivalent of general relativity. In Sec. IV, we construct the teleparallel equivalent of general relativity. Then, we construct the teleparallel equivalent of Gauss-Bonnet gravity, and finally we construct the teleparallel equivalent of Lovelock gravity. Then, we conclude in Sec. V.
II. LOVELOCK GRAVITY
The Lanczos-Lovelock action is the most natural extension of general relativity in higherdimensional space-times that generate second-order field equations. This action is non-linear in the Riemann tensor, and it differs from the Einstein-Hilbert (EH) action only if the space-time has more than four dimensions. In D−dimensions it can be written as follows
with
for q ≤ k and vanishes for q > k, e a stands for the vielbein 1-form, R ab stands for the curvature 2-form, and κ and ℓ are related to the gravitational constant G k and the cosmological constant Λ through
where Ω D−2 corresponds to the volume of a unit (D − 2)-dimensional sphere. The following field equations are obtained when varying with respect to the vielbein e a and the connection ω ab , respectively
whereR ab ∶= R ab + 1 ℓ 2 e a ∧ e b and T a is the torsion 2-form. The theory with k = 2 is described by a Lagrangian which is a linear combination of Gauss-Bonnet density, the EH Lagrangian and the volume term with fixed weights [28] . Static black hole-like geometries with spherical topology were found [28] to possess topologically non-trivial AdS asymptotics. These theories and their corresponding solutions were classified by an integer k, which corresponds to the highest power of curvature in the Lagrangian. If D − 2k = 1, the solutions are known as Chern-Simons black holes (for a review on the Chern-Simons theories see [29] ). These solutions were further generalized to other topologies [30] and can be described in general by a non-trivial transverse spatial section ∑ γ of (D − 2)-dimensions labelled by the constant γ = +1, −1, 0, which represents the curvature of the transverse section, corresponding to a spherical, hyperbolic or plane section, respectively. On the other hand, exact black hole solutions with non-maximally symmetric horizons have been found in the context of third-order Lovelock gravity [31] .
III. TELEPARALLEL EQUIVALENT OF GENERAL RELATIVITY
In 1928 Einstein proposed the idea of teleparallelism to unify gravity and electromagnetism into a unified field theory, which corresponds to an equivalent formulation of general relativity nowadays known as teleparallel equivalent of general relativity [2, 3] , where the Weitzenböck connection is used to define the covariant derivative instead of the Levi-Civita connection, which is used to define the covariant derivative in the context of general relativity. The Weitzenböck connection has non-null torsion; however, it is curvatureless, which implies that this formulation of gravity exhibits only torsion. Thus, in TEGR the torsion tensor include all the information concerning the gravitational field and the action is given
where G is the Newton constant, e = det(e a µ ) = √ −g, T is the torsion scalar and L m stands for the matter Lagrangian. Actually, T is the result of a very specific quadratic combination of irreducible representations of the torsion tensor under the Lorentz group SO(1, 3) [32] .
The equations of motion can be obtained through the variation of the action (7) with respect to the vielbein, which yields
where the mixed indices are used as in S a µν = e are the components of the torsion 2-form T a = de a coming from the Weitzenböck connection Γ λ νµ = e λ a ∂ ν e a µ . The dual vielbein e a (x µ ) denotes the dual base of e a (x µ ) for the cotangent space at each point x µ of the manifold, and S λµρ is defined according to
Note that the tensor em T ρ ν on the right-hand side is the usual energy-momentum tensor.
Furthermore, the metric and the dual vielbein are related by
and the torsion scalar T and the Levi-Civita Ricci scalarR are related by the equation:
therefore, the theory is called "teleparallel equivalent of general relativity" due to the equations of motion (8) being exactly the same as those of general relativity for every geometry choice because the Lagrangians of both theories differ by just one boundary term as shown in equation (11).
IV. TELEPARALLEL EQUIVALENT OF LOVELOCK GRAVITY
In this section, we will construct the teleparallel equivalent of Lovelock gravity using the approach of [20] . To achieve the goal, we will begin by considering the Lanczos-Lovelock action and then we will extract the teleparallel equivalent of Lovelock gravity T L by setting the curvature to null. So, without imposing the Weitzenböck connection from the beginning, it is possible to define the torsion 2-form as
and the curvature 2-form as
The dynamic variables are the vielbein e a and the connection ω 
The arbitrary spin connection ω a b is then related toω a b through the relation
where K ab denotes the contortion 1-form. On the other hand, the covariant exterior derivative D of the connection ω ab acts on a set of p-forms φ
b , whereas the covariant derivativeD is defined in a similar manner for the Levi-Civita connectionω ab , beingT a =De a = 0. Then, using (15) it is possible to write the curvature in terms of the Riemannian curvature and the contortion [20] . Also, the covariant derivative of the contortion is given explicitly by DK
Furthermore, the following useful expressions will be used in the next sections:
In order to simplify the writing of equations we will use the following notation:
where R n denotes the first n products of curvature 2-forms R a 1 a 2 ∧ ⋅ ⋅ ⋅ ∧ R a 2n−1 a 2n , ⟨KK⟩ m denotes the next m products of terms of the form
, where the brackets ⟨⟩ mean that one index is contracted, and the term E D−2n−2m denotes the remaining products of the
Therefore, using this notation, Equation (16) reads R =R +DK + ⟨KK⟩; it must be noted that expressions like this only make sense when they are contracted with the Levi-Civita symbol according to the definition (18) , and it is possible to write (2) compactly as
In the next sections, we will consider the above notation and we will study in some detail the case n = 1 that corresponds to the teleparallel equivalent of general relativity. Then, we will study the case n = 2 that corresponds to the teleparallel equivalent of Gauss-Bonnet gravity, and to end, to generalize the study we will consider the teleparallel equivalent of Lovelock gravity that corresponds to an arbitrary n.
• Teleparallel equivalent of general relativity
For n = 1, the Lagrangian (19) corresponds to the Einstein-Cartan Lagrangian L (1) , and we have:
sinceDe a = 0, the first termDK ∧ E D−2 , can be reduced to a total derivative:
while the second term on the left hand side of (20) corresponds to the Einstein-Hilbert
Therefore, equation (20) can be rewritten as
Now, we set the curvature to be null R = 0; thus, the above expression yields
Writing this equation in the standard notation we have:
Because the Lagrangian T = −⟨KK⟩ ∧ E D−2 differs from the Einstein-Hilbert LagrangianL (1) by a total derivative, both Lagrangians yield the same field equations when varying them with respect to the veilbein e a (and connection ω a b , which can be set to zero for simplicity); thus, the theory defined by T is called the TEGR, and it is based only on torsion. In Appendix A we show the equivalence of equations (24) and (11) .
Notice that the equation R a b = dω a b +ω a c ∧ω c b = 0 can be solved trivially by performing a linear transformation of the frame and connection, and it is always possible to choose the linear transformation in such a way that the transformed local connection becomes trivial ω a b = 0 [33] . Also notice that ω a b = 0 implies that the contortion K a b becomes a connection (minus the Levi-Civita connection).
• Teleparallel equivalent of Gauss-Bonnet gravity Now, we will consider the case n = 2, i.e, the Gauss-Bonnet term. This case was studied in [20] , where a teleparallel Lagragian equivalent to the Gauss-Bonnet Lagrangian was constructed. In our notation, the quadratic term in the curvature of the LanczosLovelock Lagrangian is written as
becauseDe a = 0 andDR ab = 0, the fourth term 2DK ∧R ∧ E D−4 , is a total derivative:
whereas the second term corresponds to the Gauss-Bonnet LagrangianL (2) =R 2 ∧ E D−4 . Therefore, equation (25) can be rewritten as
Now, replacing expressions (17) in (27) , which in our notation read
and setting the curvature to null R = 0, we have that L (2) = R 2 ∧ E D−4 = 0, and after some straightforward calculations we obtain
The Lagrangian
differs from the Gauss-Bonnet LagrangianL 2 by a total derivative; therefore, the same field equations are obtained from both Lagrangians. Thus, the theory defined by T
(1) GB is called the teleparallel equivalent of Gauss-Bonnet gravity and it is based solely on torsion. Additionally, we can impose the Weitzenböck connection by choosing ω ab = 0 in order to simplify further the above expressions. In this case DK ab reduces to dK ab .
Also, from Equation (27) we see that we can integrate by parts the first term, we can integrate the third term, or both. Therefore, we can obtain other Lagrangians, besides
GB , which after doing R = 0 in the equations, they differ from the Gauss-Bonnet term by a total derivative. Now we will construct such Lagrangians explicitly.
First, integrating by parts the first term in Equation (27) we obtain:
and usingD 2 K = 2⟨RK⟩ = 2(⟨RK⟩ + ⟨⟨KK⟩K⟩ − ⟨DK⟩), along with the relations (28) and setting R = 0 we obtain
where ⟨KKK⟩ = ⟨⟨KK⟩K⟩ denotes contractions of the type
also differs fromL 2 by a total derivative; therefore, the field equations obtained by varying the resulting action are the same as Gauss-Bonnet gravity. This expression was obtained in [20] .
Second, by integrating by parts the third term in Equation (27) and performing the same procedure as before, the following Lagrangian is found:
Finally, when integrating by parts both; the first and the third term in Equation (27), we obtain:
Therefore, we have found four Lagrangians T
(i)
GB , i = 1, 2, 3, 4 that differ from the GaussBonnet term only by boundary terms, and thus the same field equations as GaussBonnet gravity are obtained from them. Additionally, because the Gauss-Bonnet term is a topological invariant in four dimensions, so are T (i) GB , i = 1, 2, 3, 4. Finally, we can impose the Weitzenböck connection by choosing ω ab = 0 in order to simplify further the above expressions. In this case DK ab reduces to dK ab . In Appendix B we justify why it is permitted to set ω ab = 0 in the Lagrangians in order to obtain the teleparallel equivalent of Gauss-Bonnet and Lovelock gravity in spite of the dynamics these Lagrangians contain for ω ab .
• Teleparallel equivalent of Lovelock gravity
Here, we construct a Lagrangian which differs from the Lovelock Lagrangian solely by boundary terms. As we showed in the previous sections, different Lagrangians can be constructed differing only by boundary terms.
The term of order n in the curvature of the Lanczos-Lovelock Lagrangian is written in terms of the Riemannian curvature and contortion as
where in the last line we have used the binomial expansion. This equation can then be expanded in the following way:
where the last term of the above equation is an exact form:
We note that Equation (39) can be rewritten in the following form
and, using Expression (28) and imposing R = 0, we get
Therefore, the teleparallel equivalent of Lovelock gravity is
Note that for n = 1 and n = 2 we recover T and T
GB , respectively.
In order to obtain another expression for the teleparallel Lagrangian, differing of T by an exact form, we will perform some integrations by parts. We begin with
then, defining
where
and, integrating by parts, we obtain
) .
So, by employing this, (44) can be written as
where, we have used the relation
Now, in order to extract the teleparallel equivalent of Lovelock gravity T L , we set the curvature to null, that is, R = 0. In this way, Equation (48) can be written as
Then, rewriting the sum in the following form
we finally obtain
Note that for n = 2 the teleparallel equivalent of Gauss-Bonnet gravity T
GB is recovered.
V. CONCLUSIONS
Motivated by TEGR and its recents extensions and generalizations as the so-called f (T ) gravity, the teleparallel equivalent of Gauss-Bonnet gravity [20, 21] , Kaluza-Klein theory for teleparallel gravity [22] and scalar-torsion gravity theories [23, 24] , in this work we have constructed the teleparallel equivalent of Lovelock gravity T L with the vielbein and the connection, and without imposing the Weitzenböck connection. Then, we extracted the teleparallel equivalent of Lovelock gravity T L by setting the curvature to null as in [20] , where the teleparallel equivalent of Gauss-Bonnet gravity has been constructed. Also, we have established four possible Lagrangians for the teleparallel equivalent of Gauss-Bonnet gravity, differing among them by boundary terms. Since Lovelock Lagrangians lead to second-order equations for the metric, we expect from the relation between the metric and the vielbein (10) that the teleparallel equations for the vielbein must inherit this property, containing second derivatives of the vielbein, despite the teleparallel Lagrangians also containing second derivatives of the vielbein (first derivatives of the contortion). Nowadays, it would be interesting to study black hole solutions as well as some cosmological implications for T L and f (T, T L ), to discuss whether the theory is a bad or a good candidate to describe the nature. Work in this direction is in progress.
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Appendix A
In this appendix we show the equivalence between Equations (11) and (24) . First, we expand the curvature 2-form in a coordinate basis asR a 1 a 2 = (24) can be written as:
In going from the second to third line we use of the expansion e a = e a µ dx µ ; in going from the third to fourth line we use of ǫ a 1 a 2 ⋅⋅⋅a D e 
, and finally we use
In a similar way we expand the first term on the right-hand side of Equation (24) . First, we express the contortion in terms of the torsion, which are related by T a = K a b ∧ e b , so:
where i a ≡ i e a is the interior product with respect to the vielbein. Now, expanding the torsion in the orthonormal base T a = 1 2 T a f g e f ∧ e g and using (A2) we obtain
Thus, using this expression we find:
In order to simplify the writing, we define
so, Equation (A4) becomes
where the torsion scalar is defined as
Notice that the factor (D − 2)! appearing in Equations (A1), (A6) and (A7) is canceled out with the one contained in κ. The other Lovelock terms can be expanded in a similar way.
Appendix B
A formal way to proceed in obtaining the teleparallel equivalent of Lovelock gravity is to include the constraint of zero curvature R ab = 0 as a Lagrange multiplier in the gravitational action. We follow the arguments of reference [34] ; there, the author has considered the case of TEGR.
As we have shown in section IV, using the splitting ω ab =ω ab + K ab , the Lagrangian L (q) (e, ω) defined in Equation (2), which depends on the vielbein e a and the general connection ω ab , can be decomposed in three terms: a termL (q) (e) that depends only on the Levi-Civita connectionω ab and the vielbein (the Lovelock Lagrangian), a term −T (q) (e, ω)
that depends on the vielbein and the connection ω ab , and a boundary term B (q) :
L (q) (e, ω) =L (q) (e) − T (q) (e, ω) + dB (q) .
Note that by making integrations by parts, different T (q) can be obtained. Now, we will show that by imposing the curvature to vanish R ab = 0, the Lagrangian T (q) (e, ω) is the teleparallel equivalent of the Lovelock LagrangianL (q) (e). In order to do this, we consider the following action with the constraint R ab = 0 in the action through a Lagrange multiplier, i.e.,
where λ ab is a (D − 2)-form field antisymmetric in indices a and b. Varying the above action with respect to the vielbein, spin connection and Lagrange multiplier, the following field equations are obtained, respectively:
δT (q) (e, ω) δω ab + Dλ ab = 0 ,
where we have made κc k q = 1 in order to simplify the writing of equations. The first equation is a dynamical equation for the vielbein; the second equation only determines the Lagrange multipliers λ ab as we will discuss below, and the last equation defines the teleparallel geometry. Now, from (B1) we can express the variations of T (q) (e, ω) in terms of variations of L (q) (e, ω) andL (q) (e) as follows δT (q) (e, ω) δe a = δL (q) (e) δe a − δL (q) (e, ω) δe a ,
δT (q) (e, ω) δω ab = − δL (q) (e, ω) δω ab .
So, using these expressions, the equations of motion (B3), (B4) and (B5) can be written as δT (q) (e, ω) δe a = δL (q) (e) δe a − δL (q) (e, ω) δe a = 0 ,
− δL (q) (e, ω) δω ab + Dλ ab = 0 ,
Moreover, the variations of L (q) (e, ω) with respect to e a and ω ab are given respectively by: 
which is satisfied due to the third field equation R ab = 0. In a similar way, it can be shown that higher derivatives of (B9) are also satisfied. Thus, the only role of equation (B9) is to determine the Lagrange multipliers. Therefore, the non-trivial dynamic is completely contained in the first field equation (B8), which, after using (B10) and (B11) reduces to:
δT (q) (e, ω) δe a = δL (q) (e) δe a = 0 .
This expression shows that the same equations of motion of Lovelock gravity are obtained from Lagrangian T (q) (e, ω), once the teleparallel condition is imposed. Furthermore, the
